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Abstract: As a three-dimensional topological phase of matter, Weyl semimetals possess
extremely large gyrotropic optical response in the mid-infrared region, leading to the strong chiral
anomaly. This study proposes a circular polarizer design with a double-WSM-layer structure.
It is theoretically shown that the proposed polarizer possesses a high circular polarization
efficiency and high average transmittance in the wavelength region from 9 µm to 15 µm at
incidence angles up to 50°. The modified 4× 4 matrix method is used to calculate the circularly
polarized transmittance of Weyl semimetals in thin-film or multilayer structures. The temperature
dependence on the transmittance is also examined to demonstrate the flexibility of the proposed
polarizer in a varying temperature environment. This study reveals the technological prospect that
Weyl semimetals are promising candidates for high-performance circular polarizers in infrared
spectroscopy and polarimetry.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Circularly polarized (CP) optical radiation is characterized by left-handed circularly polarized
(LCP) or right-handed circularly polarized (RCP) state. Depending on the polarization, CP
radiation interacts differently with chiral materials, leading to unique phenomena such as magneto-
optical effect [1], circular dichroism [2–4], and spin-hall effect of light [5]. While optical devices
in the visible or near-infrared regions have been widely investigated, very few studies dealt with
CP radiation at longer wavelengths due to the fact that most optical materials become opaque in
the mid-infrared spectral region [6,7]. The control and manipulation of CP radiation at longer
wavelengths have vital importance in remote sensing, landmine detection, biomedical diagnostics,
and surface and materials characterization [8,9].

Traditionally, CP optical radiation is typically obtained from unpolarized radiation by combining
a linear polarizer and a quarter-wave plate. Besides the inherent narrowband nature, their bulky
sizes prevent them from being integrated into a compact optical system [10]. Metamaterials
with periodical structures may enable polarization control with subwavelength thicknesses
[11]. Various circular polarizers made of three-dimensional (3D) chiral metamaterial [12,13],
two-dimensional (2D) chiral metasurface [14,15], and metasurface with multilayer structures
[16], are proposed to achieve both highly selective transmittance and compactness. However,
due to the nature of plasmonic metamaterial, these polarizers suffer from either a relatively low
circular polarization efficiency or a narrow spectral bandwidth with high efficiency.

A Weyl semimetal (WSM) is a topological phase of matter whose band structure contains
pairs of Weyl nodes, which are considered as magnetic monopoles and antimonopoles in the
momentum space [17–19]. The Weyl nodes act as a source or drain of Berry curvature with
positive or negative chiral charges and the corresponding Chern numbers [20,21]. Achieving
such WSMs requires breaking either the time-reversal or inversion symmetry, or both [22].
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Symmetry-breaking WSMs have been experimentally observed since 2015 [23,24]. However,
only until recently, time-reversal-breaking WSMs have been discovered [25,26]. The family
of time-reversal-breaking semimetals have giant magneto-optical effect in the broad infrared
region without requiring an external magnetic field. Examples of magnetic WSMs are pyrochlore
iridates (e.g., Eu2IrO7) [27], ferromagnetic spinels (e.g., HgCr2Se4) [28], Heusler ferromagnets
(e.g., Co2MnAl) [29], and Co-based shandites (e.g., Co3S2Se3) [30]. These materials have lately
attracted significant interest due to their potential applications in the design of optical isolators
[31], thermal emitters that disobey Kirchhoff’s law [32,33], and chiral terahertz emitters [34].

This paper describes a mid-infrared circular polarizer based on thin films of magnetic WSMs.
Researchers have recently reported the spin-resolved properties of WSMs such as circular
emission and circular dichroism [35,36]. However, the analysis of thin-film and multilayer WSMs
based on rigorous electromagnetic wave formulation has not been reported. Here, a modified
4× 4 matrix method that fully considers the effects of multiple reflections and interference is
employed to analyze the transmission characteristics of WSM films. The effects of thickness and
the number of layers on the circularly polarized transmittance are investigated. It is found that
the transmission of the double-WSM-layer structure is highly selectively for circularly polarized
optical radiation in the mid-infrared region and can serve as a circular polarizer with a high
degree of polarization. The influences of incidence angle and temperature on the performance of
the circular polarizer are also examined.

2. Methodology

The band structure of WSM contains an even number of nondegenerate band touching points
(Weyl nodes) that shrunken from the Fermi surface. This study considers the simplest case
where the WSM hosts two Weyl nodes with opposite chirality separated by a wave vector 2b in
the momentum space. This kind of WSM has been experimentally demonstrated recently [37].
The nontrivial topology of WSMs has exotic electromagnetic responses that are described by
the axion electrodynamics. The displacement field D and the electric field E in the frequency
domain obey the modified constitutive relation [31,32,38]:

D = ε0εdE + i
e2

2π2ℏω
b × E (1)

where ε0 is the permittivity of vacuum, εd is the dielectric function (relative permittivity) of the
corresponding Dirac semimetal with b= 0, i =

√
−1, e is the electron charge, -h is the reduced

Planck constant, and ω is the angular frequency. A brief derivation is provided in Appendix A.
The inset in Fig. 1(a) shows the electronic band structure of the type I magnetic WSM near the
Weyl nodes with the same energy but separated by 2b along the kz direction. In this case, the
dielectric function tensor defined based on D = ε0 ¯̄εE for the WSM is written as [32]

¯̄ε =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
εd iεa 0

−iεa εd 0

0 0 εd

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(2)

where the off-diagonal terms are purely imaginary with opposite signs, and εa is given by

εa =
be2

2π2ℏωε0
(3)

The existence of the off-diagonal asymmetric terms in the dielectric function breaks the Lorentz
reciprocity [39], and therefore, the conventional Kirchhoff’s law may be violated [40]. Such
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nonreciprocity is related to the anomalous Hall effect and chiral magnetic effect [41]. The diagonal
terms are the same and can be obtained by the two-band model using the Kubo-Greenwood
formalism [32,38,41,42]:

εd = εb + i
σ

ωε0
(4)

where εb is the background dielectric function and σ is the bulk conductivity given by [31,32]

σ =
ε0rsgEF

6ℏ
ΩG(EFΩ/2)

+ i
ε0rsgEF

6πℏ

{︄
4
Ω

[︄
1 +
π2

3

(︃
kBT
EF

)︃2
]︄
+ 8Ω

∫ ξc

0

G(ξEF) − G(EFΩ/2)
Ω2 − 4ξ2

ξdξ

}︄ (5)

In Eq. (5), rs = e2 / (4πε0-hνF) is the effective fine structure constant defined based on the Fermi
velocity νF; g is the number of Weyl nodes; EF is the Fermi energy; Ω= -h(ω+ iτ−1) / EF is the
complex frequency normalized by EF / -h, where τ−1 is the scattering rate as in the Drude model;
G(E) = n(−E) − n(E), where n(E)= {exp[(E − EF) / kBT]+ 1}−1 is the Fermi-Dirac distribution
function with kB being the Boltzmann constant; and ξc =Ec / EF is the normalized cutoff energy,
beyond which the band dispersion is no longer linear [42].

The parameters used in the present work are taken from Zhao et al. [32] such that εb= 6.2,
ξc= 3, τ = 1000 fs, g= 2, b= 2× 109 m−1, and νF= 8.3× 104 m/s. The relative permeability µ is
taken to be 1; this assumption has been used in dealing with magneto-optical effects [43]. The
Fermi energy (or Fermi level) is a function of temperature. In the present study, the temperature
dependence of EF is calculated according to the formula given by Ashby and Carbotte [44], giving
EF = 0.15 eV at room temperature that is used as the default. The calculated room-temperature
dielectric functions εa and εd are plotted in Fig. 1(a) in the wavelength (λ) region from 2 µm to
20 µm. The gyrotropic effect is often characterized by the ratio γ = |εa | / |εd |, which is on the
order of one for WSMs in the mid-infrared region. For a traditional magneto-optical material
with a moderate magnetic field B ≈ 1 T, γ is on the order of 0.01. A magnetic field over 100 T is
required for traditional magneto-optical materials in order for γ to be around 1. This is the reason
why a mid-infrared circular polarizer was not found in traditional magneto-optical materials.

The schematic of the proposed circular polarizer is shown in Fig. 1(b). It consists of two WSM
films separated by a distance d in a vacuum with a submicron film thickness t. Ultrathin WSMs
with thicknesses as small as 50 nm have recently been experimentally realized [45,46]. The WSM
films are arranged such that the separation vector b of the Weyl nodes is parallel to the z-axis.
This arrangement is referred to as the Faraday geometry because the propagating direction at
normal incidence is in parallel with the vector b, which is analogous to an applied magnetic field
[47].

The 4× 4 transfer matrix method, originally put forward by Teitler and Henvis [48], has
been widely used in calculating the optical properties of the anisotropic materials and thin
films [49–51]. Because the TE or TM waves are defined based on the plane of incidence, the
applied boundary conditions need to be projected onto the coordinate axes for an arbitrary
incidence (i.e., when the plane of incidence is not parallel or perpendicular to the coordinate axes).
This makes the formulation relatively complex and laborious in the algorithm, though some
modifications have been developed over time. Recently, Wu et al. [52] developed a modified
4× 4 transfer matrix method that uses a rotational transformation technique to circumvent the
projection operation. By relating the electromagnetic fields and their derivatives for the incident
and transmitted radiation, one can obtain the 4× 4 transfer coefficient matrix from which the
Fresnel transmission coefficients tjk can be calculated with linear polarization indices (pp ps sp
ss) or circular polarization indices (−− −+ +− ++). Here, the first and second indices specify
the polarization for the incident and transmitted waves. For linear polarization, j,k= [p,s] where
p and s denote the p-polarized (transverse magnetic, TM) and s-polarized (transverse electric,
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Fig. 1. Illustration of the Weyl semimetal and proposed polarizer structure. (a) Dielectric 
functions of the WSM. The inset at the lower-left corner is a schematic of the electronic band 

structure of the WSM with two Weyl nodes, separated by 2b along the kz direction; (b) schematic 

of the proposed double-WSM-layer circular polarizer with thin WSM films (thickness t) 

separated by a vacuum spacing d.  
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Fig. 1. Illustration of the Weyl semimetal and proposed polarizer structure. (a) Dielectric
functions of the WSM. The inset at the lower-left corner is a schematic of the electronic
band structure of the WSM with two Weyl nodes, separated by 2b along the kz direction;
(b) schematic of the proposed double-WSM-layer circular polarizer with thin WSM films
(thickness t) separated by a vacuum spacing d.

TE) waves. For circularly polarized radiation, j,k= [−,+] and the indices − and+ signify LCP
and RCP, respectively. The Fresnel coefficients are defined based on the ratio of the electric
fields with the specified polarization for both co-polarization and cross-polarization cases. The
detailed formulation can be found from Ref. [52] and will not be repeated here.

The relationships between the electric fields for circularly and linearly polarized waves are
given by E− = (Ep − iEs)/

√
2 for LCP radiation and E+ = (Ep + iEs)/

√
2 for RCP radiation [53].

The conversion of the Fresnel transmission coefficients between linear and circular polarization
can be expressed in the matrix form as⎡⎢⎢⎢⎢⎣

t−− t+−

t−+ t++

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎣

1 −i

1 i

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

tpp tsp

tps tss

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

1 −i

1 i

⎤⎥⎥⎥⎥⎦
−1

(6)

which is a compact form for the same equations given in Refs. [53,54]. Since the media on
both sides of the polarizer are vacuum, tjk has the same expression whether it is defined by the
ratio of the electric fields or magnetic fields. The energy transmittance components are the
absolute square of Fresnel’s coefficients Tjk = |tjk |2 [7]. The overall transmittance for a specific
polarization is given by the summation of the co-polarization and cross-polarization components,
i.e., T− = T−− + T−+ and T+ = T+− + T++ for circular polarization and Tp = Tpp + Tps and Ts = Tss
+ Tsp for linear polarization. One can replace T and t by R and r in the above equations to
describe the reflectance and Fresnel’s reflection coefficients. Similar to the definition for linear
polarizers, the circular polarization efficiency can be defined as [9,55]

ηcp =
T+ − T−

T+ + T−

(7)

It describes the degree of circular polarization of the transmitted optical radiation. The value
of ηcp lies between −1 (completely LCP) and +1 (completely RCP). The average transmittance is
given by the mean value for the LCP and RCP transmission such that Tavg = (T− +T+) / 2.
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3. Results

The effects of thickness and number of layers of WSMs are investigated and the results are
shown in Fig. 2 at normal incidence (θi = 0°). Since the structure has rotational symmetry about
the z-axis, the plots stand for all azimuthal angles. The transmittance and circular polarization
efficiency for single- or double- WSM-layer structures are compared. The refractive indices for
LCP and RCP in a WSM layer are given by n− =

√
εd + εa and n+ =

√
εd − εa according to [47].

Due to the high gyrotropic optical response of WSMs, n− and n+ have a large difference, giving
rise to the clear distinction between the LCP and RCP transmission. The transmittance of LCP
and RCP optical radiation of a single WSM layer with film thickness t= 0.3 µm is shown in
Fig. 2(a) for 2 µm < λ < 20 µm. Around λ= 6 µm, the transmittance for LCP is greater than that
for RCP. Beyond λ ≈ 8 µm, the transmittance of RCP exceeds that of LCP and reaches a peak
near 14 µm. Clearly, the WSM film has a better polarization selectivity in the longer wavelength
region. The circular polarization efficiency ηcp and the average transmittance Tavg are plotted in
Fig. 2(b) for 8 µm < λ < 20 µm. The highest Tavg occurs at λ ≈ 13 µm with the value near 0.5;
however, the maximum ηcp is only about 0.85. Figures 2(c) and 2(d) present the result of a WSM
layer of t= 0.6 µm. Increasing the thickness causes an increase in the absorption for both LCP
and RCP optical radiation and a reduction of the transmittance. Nevertheless, T− declines faster
than T+ as the thickness increases, leading to a higher circular polarization efficiency as shown
in Fig. 2(d). In other words, simply increasing the WSM thickness can achieve higher circular
polarization efficiency at the cost of diminishing the average transmittance. The trade-off can
be prevented by using the multilayer structure that consists of two WSM layers separated by a
vacuum, as shown in Figs. 2(e) and 2(f) for the proposed double-WSM-layer polarizer. A vacuum
gap between the two WSM films introduces an extra pair of boundaries that can strengthen the
polarization selectivity. The value of ηcp is greater than 0.97 for 8 µm < λ < 20 µm and exceeds
0.99 about the peak region near 14 µm, manifests that the multilayer structure is preferred to
achieve higher circular polarization efficiency with larger average transmittance in the wavelength
region from 8 µm to 20 µm. A spacer could be used to create the gap. Another way is to use a
suitable substrate that is transparent in this wavelength region with a refractive index close to 1.

Due to wave interference effects, the transmittance spectrum for RCP exhibits two peaks for
single- and double-WSM-layer structures, as shown in Figs. 2(c) and 2(e), respectively. By
placing two films apart, the peaks couple with each other and form a broad high-transmission
region from 8 µm to 17 µm. The multilayer structure also effectively suppresses the transmission
for LCP at longer wavelengths, giving a higher circular polarization efficiency from 8 µm to 20 µm
as shown in Fig. 2(f). Changing the gap distance d between the two WSM thin films modifies
the position of the peaks of RCP transmittance. To accomplish both high circular polarization
efficiency and high average transmittance, the distance can be finely tuned to find the optimal
transmittance spectrum. Single WSM layer without such tunability cannot achieve both high
circular polarization efficiency and high average transmittance. Multilayers with three or more
WSM films have also been examined but the results did not show any significant improvement on
the performance but the design complexity of the polarizer and are not presented here. Notice
that if the direction of b is reversed, T− and T+ will swap, so that the polarizer will become LCP
transmitted while RCP radiation will be mostly reflected or absorbed. This can be done either by
flip the polarizer or change the direction of b.

To gain a better understanding of the polarizer, the spectral transmittance and reflectance
components of the double-WSM-layer structure are calculated for both linear and circular
polarizations, as shown in Fig. 3. The transmittance components for circular polarization are
shown in Fig. 3(a). The cross-polarization components are zero (T−+ =T+− = 0) at normal
incidence and are not shown. Figure 3(b) plots the reflectance components for circular polarization.
Here, the co-polarization components are zero (R−− =R++ = 0) and the reflectance is from cross-
polarization due to the handedness reversal upon reflection. In the long wavelength region, the
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Fig. 2. Transmittance for both LCP and RCP, average transmittance, and circular polarization
efficiency for three different structures at normal incidence. (a,b) Single layer with thickness
t= 0.3 µm; (c,d) single layer with t= 0.6 µm; (e,f) two layers separated by d = 1 µm with the
same thickness t= 0.3 µm. Note that (a,c,e) are for transmittance of individual polarization
and (b,d,f) are for the average transmittance and polarization efficiency.

WSM behaves as a metal for LCP and a dielectric for RCP. The transmittance and reflectance
components for linear polarization are shown in Figs. 3(c) and 3(d), respectively. The transmittance
and reflectance components for linear polarization are independent of the polarization state
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at normal incidence. For co-polarization, Rpp =Rss and Tpp =Tss; and for cross-polarization,
Rps =Rsp and Tps =Tsp, which are nonzero. Although the Fresnel coefficients have the same
absolute value when interchanging their indexes (i.e., |rps | = |rsp | and |tps | = |tsp |), a π-phase shift
exists for cross-polarization transmission coefficient and co-polarization reflection coefficient
(i.e., rpp =−rss, tps =−tsp), while the other coefficients have the same sign (i.e., rps = rsp, tpp = tss).
This leads to the co-polarization reflectance and cross-polarization reflectance to be zero for
circular polarization according to Eq. (6).

Fig. 3. Transmittance and reflectance components for circular and linear polarizations
of the proposed double-WSM-layer structure. (a) Transmittance components for circular
polarization. Note that T−+ =T+− = 0 and not plotted; (b) Reflectance components for
circular polarization. Similarly, R−− =R++ = 0 and are not plotted; (c) Transmittance
components for linear polarization; and (d) reflectance components for linear polarization.

For the double-WSM-layer polarizer, high average transmittance with high circular polarization
efficiency is not limited to normal incidence. The contours of the circular polarization efficiency
ηcp and average transmittance Tavg are plotted in Figs. 4(a) and 4(b), respectively for 7 µm <
λ < 20 µm and 0° < θi < 90°. The parameters are the same as for Figs. 2(e) and 2(f). The
plane of incidence defined is the x-z plane though rotating the plane of incidence about the
z-axis does not affect the results. As shown in Fig. 4(a), ηcp is greater than ≈ 0.75 at θi = 50°
and greater than ≈ 0.92 at θi = 30° for 8 µm < λ < 20 µm. The average transmittance Tavg,
as shown in Fig. 4(b), is relatively high for 9 µm < λ < 14 µm, and the high transmission
band is insensitive to the incidence angle for θi < 70°. Clearly, the proposed WSM polarizer
possesses a considerable bandwidth with a wide acceptance angle. For example, ηcp > 0.8
and Tavg > 0.3 can be achieved concurrently at wavelengths from 9 µm to 14 µm and angle of
incidence of 0° < θi < 53°. For oblique incidence with θi = 50°, the transmittance components
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of circular and linear polarization are plotted in Fig. 4(c) and Fig. 4(d), respectively. Due to
oblique incidence, the circular cross-polarization components T−+ and T+− are no longer zero
and the linear co-polarization components Tpp and Tss are not equal to each other. The circular
polarization efficiency consequently decreases as cross-polarization components increases.

Fig. 4. The effect of oblique incidence on the performance of circular polarizer. Contour
plots of (a) circular polarization efficiency and (b) average transmittance as a function
of incidence angle and wavelength from 7 µm to 20 µm. At θi = 50°, the transmittance
components of (c) circular polarization, and (d) linear polarization are plotted.

In practical operation, the polarizer may be subject to different temperature environments.
Zhao et al. [32] noted that the application based on WSMs may be highly temperature-sensitive,
such as the nonreciprocal thermal emitter. The effect of temperature arises by the dependence of
the Fermi energy (also called the chemical potential) EF that is a function of temperature Θ [44].
Consequently, the bulk conductivity and the diagonal dielectric function will also change. The
effects of temperature on the performance are illustrated in Figs. 5(a) and 5(b) by calculating
ηcp and Tavg at three different temperatures Θ= 100 K, 300 K, and 500 K. It can be seen that the
circular polarization efficiency maintains to be high at wavelengths from 10 µm to 20 µm, while the
transmittance band shifts toward longer wavelengths as the temperature increases. Furthermore,
the average transmittance at 100 K is higher than that at room temperature; however, there is a
reduction in Tavg at elevate temperatures, presumably due to loss or absorption that increases with
temperature. While lower temperature operation is preferred, due to the high circular polarization
efficiency, a moderate temperature increase would not significantly deteriorate the polarizer
performance.
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Fig. 5. Temperature dependence of the circular polarizer at normal incidence. (a) Circular
polarization efficiency and (b) average transmittance at three different temperaturesΘ= 100 K,
300 K, and 500 K.

4. Conclusion

In summary, a high-transmittance mid-infrared circular polarizer is theoretically demonstrated
with a simple structure based on magnetic Weyl semimetals. The proposed double-WSM-layer
polarizer possesses high circular polarization efficiency that is insensitive to the incidence angle.
Tuning the distance of the gap between the two WSM films allows the transmission spectra to be
modified to achieve high circular polarization efficiency and high transmittance simultaneously in
the wavelength from 9 µm to 15 µm. The circular polarization selectivity can be varied by flipping
the polarizer or the direction of Weyl nodes separation vector b. Furthermore, the performance
of the polarizer can be maintained in a large temperature range, allowing it to operate in versatile
conditions. This work provides the technological prospect of a WSM polarizer that is promising
for application in infrared spectroscopy and polarimetry.

Appendix A: Derivation of the modified constitutive relation

According to axion electrodynamics [56], an additional term needs to be added to the electro-
magnetic Lagrangian density [19,32]:

Lθ = 2α
√︃
ε0
µ0

θ(r, t)
2π

E · B (8)

where µ0 is the vacuum permeability, α= e2 / (4πε0-hc) is the fine structure constant with
c = 1/√ε0µ0 being the speed of light in vacuum, and θ(r,t)= 2(b·r – b0t) is the axion angle with
b0 being the separation of Weyl nodes in energy space. Since the two Weyl nodes of interest have
the same chemical potential, b0 is set to be zero. The additional term will change the charge
density and current response [56,57], the modified Maxwell’s curl equations are expressed as

∇ × E = −
∂B
∂t

(9)

∇ × H =
∂(ε0εbE)
∂t

+ J +
2α
π

√︃
ε0
µ0

b × E (10)

where H is the magnetic field (B= µµ0E), J is the ordinary (nonaxion) current, and εb is the
background relative permittivity (assuming that the material is isotropic in the absence of the
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current terms). Combining Eqs. (9) and (10) yields

∇ × ∇ × E = µ
ω2

c2

(︃
εbE +

iσ
ωε0

E + i
2αc
ωπ

b × E
)︃

. (11)

An effective displacement field can be defined as

∇ × H =
∂D
∂t
= ε0
∂( ¯̄εE)
∂t

(12)

so that ∇ × ∇ × E = µω2

c2 ( ¯̄εE). Therefore,

D = ε0 ¯̄εE = ε0
(︃
εb +

iσ
ωε0

)︃
E +

ie2

2π2ℏω
b × E (13)

which is identical to Eq. (1), after the substitution of εd from Eq. (4).
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